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MATHEMATICS-II

Course Objectives:

e To instruct the concept of Matrices in solving linear algebraic equations

e To elucidate the different numerical methods to solve nonlinear algebraic equations

e To disseminate the use of different numerical techniques for carrying out numerical
integration.

e To equip the students with standard concepts and tools at an intermediate to advanced level
mathematics to develop the confidence and ability among the students to handle various real
world problems and their applications.

Course Outcomes: At the end of the course, the student will be able to

¢ develop the use of matrix algebra techniques that is needed by engineers for practical
applications (L6)

e solve system of linear algebraic equations using Gauss elimination, Gauss Jordan, Gauss
Seidel (L3)

e evaluate the approximate roots of polynomial and transcendental equations by different
algorithms (L5)

e apply Newton’s forward & backward interpolation and Lagrange’s formulae for equal and
unequal intervals (L3)

e apply numerical integral techniques to different Engineering problems (L3)

o apply different algorithms for approximating the solutions of ordinary differential equations
with initial conditions to its analytical computations (L3)

UNIT - I: Solving systems of linear equations, Eigen values and Eigen vectors: (10hrs)

Rank of a matrix by echelon form and normal form — Solving system of homogeneous and non-
homogeneous linear equations — Gauss Eliminationmethod — Eigen values and Eigen vectors and
properties (article-2.14 in text book-1).

Unit — I1: Cayley—Hamilton theorem and Quadratic forms: (10hrs)
Cayley-Hamilton theorem (without proof) — Applications — Finding the inverse and power of a
matrix by Cayley-Hamilton theorem — Reduction to Diagonal form — Quadratic forms and nature of
the quadratic forms — Reduction of quadratic form to canonical forms by orthogonal transformation.
Singular values of a matrix, singular value decomposition (text book-3).

UNIT — IlI: Iterative methods: (8 hrs)
Introduction— Bisection method-Secant method — Method of false position— Iteration method —
Newton-Raphson method (One variable and simultaneous Equations) — Jacobi and Gauss-Seidel
methods for solving system of equations numerically.

UNIT — IV: Interpolation: (20 hrs)
Introduction— Errors in polynomial interpolation — Finite differences— Forward differences—
Backward differences —Central differences — Relations between operators — Newton’s forward and
backward formulae for interpolation — Interpolation with unequal intervals — Lagrange’s
interpolation formula— Newton’s divide difference formula.
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UNIT — V: Numerical differentiation and integration, Solution of ordinary differential
equations with initial conditions: (20 hrs)
Numerical differentiation using interpolating polynomial — Trapezoidal rule— Simpson’s 1/3" and
3/8" rule— Solution of initial value problems by Taylor’s series— Picard’s method of successive
approximations— Euler’s method — Runge-Kutta method (second and fourth order).

Text Books:
1. B.S. Grewal, Higher Engineering Mathematics, 44™ Edition, Khanna Publishers.
2. B.V.Ramana,Higher Engineering Mathematics, 2007 Edition, Tata Mc. Graw Hill
Education.
3. David Poole, Linear Algebra- A modern introduction, 4" Edition, Cengage.

Reference Books:
1. Steven C. Chapra, Applied Numerical Methods with MATLAB for Engineering and
Science, Tata Mc. Graw Hill Education.
2. M. K. Jain, S.R.K. lyengar and R.K. Jain, Numerical Methods for Scientific and
Engineering Computation, New Age International Publications.
3. Lawrence Turyn, Advanced Engineering Mathematics, CRC Press.
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COURSE OUTCOMES: At the end of the course, the student will be able to

1. Develop the use of matrix algebra techniques that is needed by engineers for practical applications(K2)
2. Solve system of linear algebraic equations using Gauss elimination, Gauss Jordan, Gauss Seidel(K1)
3. Evaluate the approximate roots of polynomial and transcendental equations by differentalgorithms (K3)
4.  Apply Newton’s forward & backward interpolation and Lagrange’s formulae for equal andunequal intervals (K2)
5. Apply numerical integral techniques to different Engineering problems (K3)
6. Apply different algorithms for approximating the solutions of ordinary differential equations withinitial conditions to its
analytical computations (K4)
Uni Number .
. Total | Book Delivery
.ti Outcomes Topic O.fd perio | Refere | Method
e perioas ds nce
m
No.
CO1: Solving systems UNIT-1
of linear equations, [ 1.1| Rank of a matrix by echelon form 2 Chalk &
1 Eégf:rsvalues ol Eigen S?)Td'gorsmstleﬁr(r)nf homogeneous and Talk,
Vi u .
1.2 9%y g 5 & Tutorial
T1,T
1.3 [non- homogeneous linear equations 2 10
3,R2
1.4 | Gauss Eliminationmethod. 2
1.5 | Eigen values and Eigen vectors and
" | properties 2
CO2:Cayley—Hamilton UNIT-2
theorem and Quadratic Chalk &
forms 2.1 cayley-Hamilton theorem (without 2 Talk, &
proof) — — Applications Tutorial
2.2 | Finding the inverse and power of a 2
2 matrix by Cayley-Hamilton theorem T1,T3,
2.3| Reduction to Diagonal form — 2 R2
Quadratic forms and nature of the 10
guadratic forms
2.4 | Reduction of quadratic form to 2
canonical forms by orthogonal
transformation.
2.5 Singular values of a matrix, singular 2
value decomposition




Introduction— Bisection method

(second and fourth order)

3.1
CO3: Iterative methods
3.2 | Secant method 2
3.3 | Method of false position 15 [T1,T3,
2 R2 Chalk &
Iteration method Talk, &
3.4 2 Tutorial
3.5 | Newton- Raphson method (One 3
variable and simultaneous Equations)
3.6 | Jacobi and GaussSeidel methods for 4
solving system of equations
numerically
UNIT-4
41 Introduction— Errors in  polynomial 2
CO4: : Interpolation " interpolation
TLT3, | Chalk &
R2 Talk, &
[Tutorial
4.9 Finitedifferences—Forward differences— 4 15
"~ Backward differences
4.3 | Central differences —  Relations 2
between operators
4.4 [Newton’s  forward and backward 3
formulae for interpolation
4.5 [Interpolation with unequal intervals — 3
"~ |Lagrange’s interpolation formula
4.6 [Newton’s divide difference formula 1
UNIT-5
COsb: - - — -
I Numerical  differentiation  using 1
Numerical 51 interpolating polynomial
differentiation and '
integration, Solution of -
ordinary differential 5.2 |Trapezoidal rule 2
equations with initial 10 ki3 Chalk &
conditions 5.3 | Simpson’s 1/3rd and 3/8th rule 2 RZ’ ’ Talkv_
' Tutorial
5.4 | Solution of initial value problems by 2
Taylor’s series
5.5 [Picard’s  method  of  successive 1
approximations
5.6 | Problemson Filters 1
5.7 | Euler’s method —Runge-Kutta method 1




LIST OF TEXT BOOKS AND AUTHORS

Text Books:

1. B.S Grewal, Higher Engineering Mathematics, 44th Edition, Khanna Publishers.
2. B.V.Ramana,Higher Engineering Mathematics, 2007 Edition, Tata Mc. Graw HillEducation.
3. David Poole, Linear Algebra- A modern introduction, 4 thEdition, Cengage.

Reference Books:

R1. Steven C. Chapra, Applied Numerical Methods with MATLAB for Engineering andScience, Tata Mc. Graw Hill Education.

R2. M. K. Jain, S.R.K. lyengar and R.K. Jain, Numerical Methods for Scientific and EngineeringComputation, New Age International
Publications.

R3. Lawrence Turyn, Advanced Engineering Mathematics, CRC Press.

Faculty Member Head of the Department PRINCIPAL
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:—:--Notes on singular wue decomposmon Jor Mntll 54

| BscallthatlfAmasymmetncnxnmatnx thenAhasrealelgenvaluea
e "";\1, +n (possibly repeated), and R" has an orthonormal basis vy,..
where each vector w ia anl elgenvector of A vnth mgenvalue ;. Then

) "'m

& ’_“where P i8 the matnx whose columng_ are“vl, ¥4 ,v,,, and D is the diagonal
. matrix whose diagonal entnea are, Ai, !, At ‘Since the vectors vy, .. ., Uy are

i orthonormal the matnx P is orthogonal"f 1L‘e PTP —|I 50 we can alternately

PDPT e 2 (’1)

A SmElllar value decomposxtlon (SVD) is a generahzatlon of thJs where

- Asanmx n matnx whlch does not have to be symmetnc or even square

2 - --'_'"_:_; g ? ‘1‘ !'»_:. | ' o ‘l.

B ’1 Slngular va]ues gt s

=i Sl \|| I Adlie wliy

at 'Let Abeanm Xn matrlx Befom explmmng what a smgular value decom- _
p051t10n is, we first need to deﬁne the smgular values of A.

~~ Consider the matrix ATA _LT}.I.L‘: s .l.x"sxmmam n X n matnx s0 1ts _
- elgenvalu% are real 2 :

H
Lemma 1.1. If)\ zs an ezqenuaiuci flA ;l (T
Proof. Let be an, clgenvector of AT' |;{Yl¢h elglenvaluc A We compute that
sl = () () = (A = Mz"‘l)«\ =t
Since [|Az|2 > 0, it follows from tho al;nxro oquahoﬁl it Al
“:r||2 >0 (:ur. our mnvcntmn s tlnt mgmwoctorv. ar

that A > 0. ~_ E ‘uwgﬂx

"Ti.»i‘. wlfh 1c'pet1t1,on5 Ordcr'
these so that ,\1 > A; . 2 /\n ? F] ‘L ﬁﬁ,"'w \/;T' 50 thut 01‘.> o>
"‘ZUHZG. Vst | ‘ ||IH| ‘I i | !‘ i

! " A e I
Definition 1.2, The numbers oy > 3 2+ 2 @, 2 “‘ 0 dt;ﬁuv(l ubow are
called the singular values of A. _ -‘.‘ c j
Proposition 1.3, The number nj‘ nonzern smr,rfrlm mhu s' 'uf l u;t:ul~ m
rank of A, Al
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e

Proof. The rank of any square matrix equals the number of nonsero eigen-
values (with repetitions), so the number of nonzero singular values of A
equals the rank of ATA. By a previous homework problem, ATA and A
have the same kernel. It then follows from the “rank-mullity” theorem that
AT A and A have the same rank. O

Remark 1.4. In particular, if A is an m X n matrix with m < n, then A
has at most m nonzero singular values, because rank(A) < m.

The singular values of A have the following geometric significance.

Proposition 1.5. Let A be an m x n matriz. Then the mazimum value of
||Az||, where = ranges over unit vectors in R™, is the largest singular value

a1, and this is achieved when z is an eigenvector of ATA with eigenvalue

ol

Proof. Let vy,...,v, be an orthonormal basis for R consisting of eigenvec-

tors of AT A with eigenvalues 2. If z € R", then we can expand z in this
basis as

T=civy+++* +Cnln (2)

for scalars ¢, ...,cq. Since T is a unit vector, ||zf|? = 1, which (since the
vectors vy, ...,V are orthonormal) means that

S+t =1

On the other hand,

|Az|? = (Ag) - (Az) = (As)"(Az) = 2" AT Az = 3 - (A" Ax).
By (2), since v; is an eigenvalue of AT A with eigenvalue o7, we have

ATAz = ciofo + -+ + CnOotn.
Taking the dot prodoct with (2), and using the fact that the vectors vy, ..., v,
are orthonormal, we get
Az|? =z~ (ATAz) = aici +- -+ ouce T
Since a7 is the largest singular value, we get
| Az]? < o3 +-+- + &)

Equality holds when ¢; = | and ¢ = ++» = ¢n = 0. Thus the maximum

¥ . . D . - "
value of | Az{? for a unit vector 2 is oy, which is achieved when » = . [
1

One can similarly show that @ is the maximum of || Ax)] where x ranges
over unit vectors that are orthogonal to ¢ (excercise). Likewise, o3 is the
maximum of | Ar| where & ranges over unit vectors that are orthogonal to -
) and rs: and so forth. ' '
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Lntrdenm then I Erofmamgnlnvaluu of A oreqmvnlenﬂytha
; 23 tm-k ofA A . !-

e H llion ,J.AglngmuvaluedecompositmnofAmufactoﬁmion _

AUEVT

| where:

'. ': ' U lﬂj &l} m >< m orthogonal ma.trnc.

i V 13 an n x n orthogonal matrix.

il E is an m x n matrix whose i* diagonal entry equals the itk mngula.r

value o; for i = 1 ., 7. All other entries of X are zero.

i) Examplef 2.2. Ifm=nand A is symmetric, let A1,...,An be the eigenval-

3 -How to"ﬁnd a SVD

i;,ﬁLet A be an m x n matrix with ~.mgllla| V‘lh](“\ 0'1 > (r"f->
- let » denote the number of nonzero "-.m,;,ulcu valios. W

. find a SVD of 4.

' ues of A, ordered so that [A;| > |Ag| > -+ > [Aal. The singular values of A
~ are given by o; = || (exercise). Let vy,...,v, be orthonormal eigenvectors
- of A with Av; = A\;v;. We can then take V to be the matrix whose columns

are vy,...,v,. (This is the matrix P in equation (1).) The matrix ¥ is
the dlagonal matrix with diagonal entries |A1],...,[As|. (This is almost the
same'as the matrix D in equation (1), except for the absolute value signs.)
Then U must be the matrix whose columns are v, .. ., U, where the 31gn

. mext to v; is + when A; > 0, and — when ); < 0. (Thls is almost, the same .
(i Qas P, c}\ccpt we have changed the signs of some of the columns.) e

e ion > 0and
Osv'-'explain how toi i

Lct 1'1,' """" __

AR R SO R A L BRSO e T
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M=,

() - (Avg) = (Au) (Avg) = T AT Avy = of oy = o3(os - vy).

then since [|w]| = 1, this calculation tells us that |Av? = o3,
which proves (a). If i # j, then since v; - v; =0, this calculation shows that
‘(Aﬂi) . (A'vj) =0. ; a
Theorem 3.2. Let A be an m x n matriz. Then A has a (not unique)
singular value decomposition A = USVT, where U and V are as follows:

e The columns of V are orthonormal eigenvectors vy,...,Vn of AT A,
o Ifi <1, 50 that o; # 0, then the i* column of U is o7 'Av;. By
Lemma 3.1, these columns are orthonormal, and the remaining cal.umns
of U are obtained by arbitrarily extending to an orthonormal basis for

R™,
Proof. We just have to check that if U and V' are defined as above, then
"A=USVT. If z € R", then the components of VTz are the dot products
of the rows of VT with z, so
m-T
V2. T
Vig = j

Un* T

o & il {10 - 2

ayty -

sVTa = | o, -2
0

When we multiply on the left by U/, we get the sum of the columns of U,
weighted by the components of the above vector, so that Rt e
USVTa = (i - w)ar S Av) oo (o - mjap M Ans 5

S s ey s ddns sty

Scanned with CamSeanner

Scanned with CamScanner



Since Ay = 0 for i > r by Lemma 3.1(a), we can rewrite the above as

UEVTz = (v1 - 2)Avy + -+« + (vn - 7) Avy
= Aoz + .+ + Avulz

= A(vo] 4+ v,07 )z

= Az,
In the last line, we have used the fact that if {v1,...,vn} is an orthonormal
basis for R", then vjv] + ... 4 vuT = I (exercise). O

Example 3.8. (from Lay's book) Find a singular value decomposition of

4 11 14
A"(B 7 -2)'

Step 1. We first need to find the cigenvalues of AT A. We compute that

. 80 100 40
ATA=1(100 170 140
40 140 200

We know that at least one of the eigenvalues is 0, because this matrix can
have rank at most 2. In fact, we can compute that the eigenvalues are
A1 = 360, Ay = 90, and Ay = 0. Thus the singular values of A are o, =
V360 = 610, o9 = V90 = 3v/10, and o3 = 0. The matrix ¥ in a singular
value decomposition of A has to be a 2 x 3 matrix, so it must be

g (0V10 00
“L o 310 o)

Step 2. To find a matrix V' that we can use, we need to solve for an
orthonormal basis of eigenvectors of A”A. One possibility is

1/3 —2/3 2/3
= (2/3], m=|-1/3], wu=|-2/3
2/3 2/3 1/3

(There are seven other possibilities in which some of the above vectors are
multiplied by —1.) Then V' is the matrix with ey, 1, 2y as columuns. that is

1/ ~2/3 2/3
Vi |2/ -1/8 —2/3
23 23 .13
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o7 n = e (16) - (35‘/;_3 .

= 1°5:/8 1/4/10
o= )-
* 7o \9) = \-a/vm)-

Since U is a 2 x 2 matrix, we do not need any more columns. (If A had only

one nonzero singular value, then we would need to add another column to
U to make it an orthogonal matrix.) Thus

U__(3/\/1—0 1/v/10 )
- \/V10 -3/v10) -

To conclude, we have found the singular value decomposition

T
4 11 14\ _ /B/VI0 1vI0) f6vI0 o0 o\ (Y3 —2/3 2/3
(¢ 7 )= (i vm) (0° s y 94 o5 ik

4 Applications

Singular values and singular value decompositions are important in analyz-
ing data.

One simple example of this is “rank estimation”. Suppose that we have
n data points vi,...,un, all of which live in R™, where n is much larger
than m. Let A be the m x n matrix with columns Vly...,¥,. Suppose the
data points satisfy some linear relations, so that v, . .. ,v,,fall lie in an 7-
dimensional subspace of R, Then we would expect the matrix A4 to have
rank r. However il the data points are obtained from measurements with
errors, then the matrix A will probably have full rank m. But only r of the
singular values of A will be large, and the other singular values will be close
to zero. Thus one can compute an “approximate rank” of A by counting
the number of singular values. which are much larger than the others, and
one expects the measured matrix A to be close to a matrix 4’ such that the
rank of A" is the “approximate rank® of 4.~

For example, consider the matrix
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f’f-ﬂ'hurmk!,bmmeaﬂafmwlmmmminm
Ti+x3+ Ty = O(butthecolummdonntalllmmal-dmmnim;l
'mhpuee) Now suppose we perturb A’ to the matrix
' | 101 201 -2 299
A=|-401 001 101 202
301 -199 1 -—498

This matrix now has rank 3. But the eigenvalues of AT A are
o] = 58.604, o0F ~10.3973, o ~0.00029, o2 =0.

Since two of the singular values are much larger than the others, this suggests
that A is close to a rank 2 matrix.

For more discussion of how SVD is used to analyze data, see e.g. Lay’s
- book.

5 Exercises (some from Lay’s book)

1. (a) Find a singular value decomposition of the matrix A = (g _21) .

(b) Find a unit vector z for which ||Az|| is maximized.

2. Find a singular value decomposition of[A = (g § 22)_
3. (a) Show that if A is an n x n symmetric matrix, then the singular
values of A are the absolute values of the eigenvalues of A.
(b) Give an example to show that if A is a 2 x 2 matrix which is
not symmetric, then the singular values of A might not equal the
absolute values of the eigenvalues of A.

4. Let A be an m x n matrix with singular values oy > gy > - . i 5 )
Let v be an eigenvector of AT 4 with eigenvalue orl. Show that o9 is
the maximum value of ||Az|| where x ranges over unit vectors in B"
that are orthogonal to .

.:"1

. Show that if {uy,.... v, } is an nrtlmnormal_baciq for B", then
1 1

:rlr!? + - T!nl' —I

6. Let A be an m x n matrix. and let P be an 01'”10{.,011:!] m X m matrix.
Show that ”4 has the same singular values as A.
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